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A solution in the form of a series in t i m e  functions and polynomials  

of the space coordinate  is obtained using as an e x a m p l e  the moisture  

conduction equat ion with a l lowance  for the finite ra te  of cap i l Ia ry  

mot ion. 

T h e  e q u a t i o n  of m o i s t u r e  c o n d u c t i o n  in c a p i l l a r y -  
p o r o u s  b o d i e s  fo r  an in f in i t e  p l a t e  wi th  a c c o u n t  fo r  the  
f in i t e  r a t e  of c a p i l l a r y  m o t i o n  h a s  the f o r m  

Ou O2u O~u 
0F---o + Fo* . . . .  . (~) OF@ Ox 2 

The  s o l u t i o n  of Eq .  (1) i s  found in s e r i e s  f o r m  

u (x, Fo) = y P~ (x) r + E Qk (x) ~p(k) (Fo), (2) 
~ 0  k=O 

w h e r e  q)(Fo), $(Fo) a r e  a r b i t r a r y  func t i ons  of t i m e ,  
Pn(X), Qk(X) a r e  po lyaaomia l s  w h o s e  f o r m  is  d e t e r -  
m i n e d  f r o m  the b o u n d a r y  c o n d i t i o n s .  

W e  wi l l  c o n s i d e r  the  s o l u t i o n  of Eq.  (1) fo r  an a s y m -  
m e t r i c  p l a t e  wi th  the  cond i t i on  

u (0, Fo) = ff~ (Fo) (3) 

a t  one s u r f a c e ,  one of the c o n d i t i o n s  

u (1, Fo) = ~o (Fo), (4) 

Ou (1, Fo) = X (Fo), (5) 
Ox 

Ou (1, Fo) + Bi [uc (Fo) - -  u (1, Fo)] = O (6) 
Ox 

at  the  o t h e r  s u r f a c e ,  and the  i n i t i a l  c o n d i t i o n s  

u (x, 05 = �9 (x), Ou (x, O) F (x). (7) 
0Fo  

S u b s t i t u t i o n  of (2) in ( l)  g i v e s  the  r e l a t i o n s  

P; (x) = O, Po = P~ (x), Pn-1 (x) -+" Fo* P . -2  (x) = P]  (x), (8) 

Q; (x) = o, Qo = Q:" (x), Q~_: (x) + Vo* Q~_~ (x) = Q; (x) 

n - - 2 , 3 , . . . ,  k = 2 , 3  . . . .  (9) 

1. W e  ob ta in  the  s o l u t i o n  of (1) fo r  c o n d i t i o n s  (3),(4). 

We set 

cp (Fo) = P,(Fo), tp (Fo) = (o (Fo). (:O) 

S u b s t i t u t i n g  (2) in (3) and (4), and u s i n g  (10), we ob ta in  

Po (0) = I, P ._ :  (0) = 0, Qk_,(0) = 0; (11) 

Qo(1) = 1, Q~_:(1) = 0, P . _ ~ ( 1 ) = 0 .  (12) 

Integrating (8) and (9) and using (ii) and (12), we have 

x xl 

Pea(X) = i 'dXl I [P,7-1 (~5-}- Fo*Pn-2 (~ ) ]  I f f~--  
o 0 

i x 1 

- x,f ,i' + vo* pea_, (13) 
o o 

x x I 

Q,( 5 = i',x, f Co,-, + Q,-,(:.)I 
f t 

o o 

I Xa 

- x .%',I' :Q'-' + Vo* O,-,(:)I ,:: (14) 
o o 

Po (x) = - - x  + 1, Qo (x) = x; (15) 

Pa (x) = - - x a / 6  + x2/2 - - x / 3 ,  QI (X) = X:~/6 - - X / 6 .  (16) 

2. We consider conditions (3) and (5). 
We set 

:p (Fo) = fl (Fo), ~ (Fo) = X (Fo). (17) 

Substituting (2) in (3) and (5) and using (17), we obtain 

Po (0) = l ,  P ._ ,  (0) = 0, Qk-~(0) = 0, (18) 

P~_2 (1) ---- 0, Q0(1 )=  l ,  Q~_I ( 1 ) =  o. (19) 

I n t e g r a t i n g  (8) and  (9) and  u s i n g  (18) and (19), we f ind 
x xl 

o o 

1 

- x  .t [Pea-' (~) + Fo* P,_~ (~)] a ~; (20) 
o 

x x: 

o 

1 

-- x ~ [Q,_, (~) + Vo* Q~_, (U] a ~; (2:) 
0 

Po (x) = 1, Qo (x) = x; (22) 

P: (x) = - -  xa/6 + X2/2 - -  x/2, Q~ (x) = xa/6 - -  x/2. (23) 

3. We  c o n s i d e r  c o n d i t i o n s  (3) and (6). 
W e  s e t  

r (Fo 5 = ~ (Fo), ~2 (Fo) = uc (FoS. (24) 

S u b s t i t u t i n g  (25 in to  (3) and  (6) and u s i n g  (24), we 
ob ta in  

Po(0) = 1, Pn_,(0) = 0, Q~_~(0) = 0; (25) 

p~_2(1) +Bipn_z(1)  = 0 ,  Qo(1)+BiQo(1)  = Bi; (26) 

Q~_: (1) + Bi Q,_: (1) = 0. (27) 

Integrating (8) and (9) and using (25)-(27), we obtain 

x x, X 

o o 
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1 x t  

• {Bi ,t' dxl; [Pn-, (~) + Fo*Pn-, (~)]d ~+ 
0 0 

1 

N 

x x t  

0 0 
1 x t  

X {Biy dx,,t'[Q,_,(~)-4- Fo*QI_2 (g) ] d~ + 
d 0 

1 

0 

X 

B i +  1 

(28) 

m •  

(29) 

--Bi x --Bi x 3 
Po (x) + 1, Pl (x) 

1 4- Bi (I + B i ) ' 6  
- - +  

+ x ~ x (BP + 3Bi + 3) . 
2 3 (gi + 1) ~ 

(3o) 

Bix 
G ( x )  - - -  , 

B i + l  

) Bi [ x ( 3 + B 0  ] 
Q ~ t x ) - - 6 ( B i + l  ~ x3 B i + l  " (31) 

4. Solutions of tl) obtained in the f o r m  of s e r i e s  
(2) with conditions (3) and any of conditions (4)--(6) 
do not sa t i s fy  the initial conditions (7). 

Indeed, 
r 

u (x, o) = ' ~  Pn (x) ~<"~ (0) + 
n ~ 0  

+ ~ ,  Qt, (x) ,c , )  t0) = ~ (x); 
k--0 

Ou(x, O) _ ~ ,on (x)cpr t0) + 
0 Fo 

/2~0 

r 

+ ~ G (x) , (k+,  (0) = ~ (x). 
k------0 

(32) 

t33) 

We can sa t i s fy  the initial conditions if we add to the 
solution (3) the solution ~(x, Fo) sat isfying homoge-  
neous boundary conditions and the initial conditions 

~(x, 0) -- ~i(x),~ - v~ (x), (34) 

where 

~u (x) = �9 (x) - -  ~1 (x), ~ ,  ix) = F (x) - - ~  (x). (35) 

Finally,  the solution of (1) sat isfying conditions (3) 
and (7) and any of the conditions (4)-(6) takes the fo rm 

v~ 

u (x, Fo) = E p" (x) q~(.I (Fo) + 
t I~O 

+ E Qk (x) ~lk) (Fo) + u(x, Fo). (36) 
k-~O 

The solution of (l) in fo rm (36) is convenient  for 
approximate  calculat ions,  for  analyzing the effect of 
var iable  boundary conditions (which is difficult in the 
case  of solutions obtained in some other form), and 
for  de termining the rmophys ica l  c h a r a c t e r i s t i c s  [1]. 
In conclusion we note that the a r b i t r a r y  functions 
~o(Fo) and ~(Fo) can be given different  physical  mean -  
ings. In this paper  they a re  se t  equal to functions 
given on the boundary.  In other cases  one of them may 
be t r ea ted  as the average  integral  moi s tu re  content 
or  as a m e a s u r e  of the moi s tu re  content at some in- 
t e r i o r  point, etc.  Expansion (36) can a lso  be used to 
soive inverse  p rob lems  [2]. 
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